ABSTRACT. The main aim of this paper is to investigate the (H p , L p )-type inequality for the maximal operators of Riesz and Nörlund logarithmic means of the quadratical partial sums of Walsh-Fourier series. Moreover, we show that the behavior of Nörlund logarithmic means is worse than the behavior of Riesz logarithmic means in our special sense.
Introduction
Let us denote by N the set of natural numbers and by P the set of positive integers. Let Z 2 be the discrete cyclic group of order 2, the group operation is the modulo 2 addition and every subset is open. The normalized Haar measure on Z 2 is given in the way that the measure of a singleton is 1/2. Let G := The group operation on G is the coordinate-wise addition (denoted by +), the normalized Haar measure (denoted by µ) is the product measure and the topology is the product topology. Dyadic intervalls are defined by I 0 (x) := G, I n (x) := y ∈ G : y = (x 0 , . . . , x n−1 , y n , y n+1 . . . ) for x ∈ G, n ∈ P. They form a base for the neighborhoods of G. Let 0 = (0 : i ∈ N) ∈ G denote the null element of G and I n := I n (0) for n ∈ N. Let L p denote the usual Lebesgue spaces on G (with the corresponding norm or quasinorm · p ). The space weak-L p consists of all measurable functions f for which f weak-L p := sup
The Rademacher functions are defined as
Let the Walsh-Paley functions be the product functions of the Rademacher functions. Namely, each natural number n can be uniquely expressed as
where only a finite number of n i 's different from zero. Let the order of n > 0 be denoted by |n| := max{j ∈ N : n j = 0}. Walsh-Paley functions are w 0 = 1 and for n ≥ 1
The Dirichlet kernels are defined by
where D 0 := 0. The 2 n th Dirichlet kernels have a closed form (see e.g. [6] )
The σ-algebra generated by the dyadic cubes
Denote by f = f (n,n) , n ∈ N a martingale with respect to (F n , n ∈ N) (for details see, e.g. [9] ). The maximal function of a martingale f is defined by
In the case f ∈ L 1 G 2 , the maximal function can also be given by
For 0 < p < ∞ the Hardy martingale space H p (G 2 ) consists of all martingales for which
. . ) then the Walsh-Fourier coefficients must be defined in a little bit different way [9] :
The Walsh-Fourier coefficients of f ∈ L 1 G 2 are the same as the ones of the martingale (S 2 n ,2 n f : n ∈ N) obtained from f .
The (n, m)th rectangular partial sum of the Walsh-Fourier series are defined as follows:
The Marcinkiewicz-Fejér means and the maximal function of MarcinkiewiczFejér means are given by
The nth Riesz's logarithmic mean of quadratical partial sums is defined by
where l n := n k=1 1 k . Sometimes it is called Riesz's logarithmic mean of Marcinkiewicz type. The nth Nörlund logarithmic mean of quadratical partial sums is defined by
it is a kind of "reverse" Riesz's logarithmic mean. For martingale f we consider the maximal operators R * and L * , which are defined by
A bounded measurable function a is a p-atom, if there exists a dyadic cube I 2 , such that a)
The basic result of atomic decomposition is the following one. , k ∈ N) of real numbers such that for every n ∈ N,
Moreover,
where the infimum is taken over all decompositions of f of the form (2).
The main results
For Riesz logarithmic means of Marcinkiewicz type the Abel's transformation immediately gives
This implies that
From this inequality, we conclude that the maximal operator R * of Riesz logarithmic means of quadratical partial sums has got so nice properties as the maximal operator of Marcinkiewicz means M * has. The results of Weisz [11] yield that the maximal operator R * is of weak type (1, 1) and of type (H p , L p ) for p > 2/3. Moreover, R * is of weak type (H 2/3 , L 2/3 ) which follows from the work of Goginava [4] . In one-dimension the readers are referred to [5, 7, 8, 10] .
On the other hand, we show in Theorem 2 that the behavior of the maximal operator of Walsh-Nörlund logarithmic means of quadratical partial sums is worse than the behavior of the maximal operator of Walsh-Riesz logarithmic means of Marcinkiewicz type in our special sense.
We note that the behavior of Walsh-Nörlund logarithmic means was discussed in [1] [2] [3] . In 2006 the first author, Gát and Tkebuchava [1] proved that the WalshNörlund logarithmic means of Marcinkiewicz type does not improve the convergence in measure. That is, they proved that for any Orlicz space, which is not a subspace of L ln L(I 2 ), the set of the functions having this means convergent in measure is of first Baire category.
P r o o f o f T h e o r e m 1. Let {m k : k ∈ N} be a monotone increasing sequence of positive integers such that
We note that, we could construct such a sequence which satisfies conditions (3)- (5) . Let
It is easy to see that the martingale
by (3) and Theorem W we conclude that f ∈ H p G 2 .
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Now, we give the Fourier coefficients.
for s < A. Now, we decompose the q m k ,s th Riesz logarithmic means as follows.
First, we discuss I. Thus, let j < 2 2m k . Then (4) yields that
and
Now, we discuss II. For 2
ON THE BOUNDEDNESS OF THE MAXIMAL OPERATORS
This yields that
To discuss II 1 , we use (4) and (1) . Thus, we have that
By R q m k ,s f (x) = I + II 1 + II 2 , and inequalities (8), (10) we have
Now, we discuss II 2 . The nth Dirichlet kernel can be written in the following form [6] :
By the help of this, we immediately get
Thus, by (11) and (5) k → ∞ yields that L * f p = +∞. The proof of this theorem is complete.
